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ABSTRACT 

A unitary matrix model is proposed as the large-N matrix formulation of M 
theory on flat space with toroidal topology The model reproduces the motion of 
elementary D-particles on the compact space, and admits membrane states with 
nonzero wrapping around nontrivial 2-tori even at finite N. 
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The recently proposed matrix model approach to M-theory consists of the 
dimensional reduction of 10-dimensional super- Yang-Mills (SYM) to 0+1 dimen- 
sions [1]. This model, which has appeared in the past in different contexts [2-4], 
has its origins in D-brane dynamics [5-9] and is known to describe the dynamics of 
D-particles in the low-energy (nonrelativistic) limit [10-12]. The remarkable con- 
jecture made in [1] is that the full light-cone dynamics of the different physical 
objects within M-theory are imbedded in the large-N limit of the above matrix 
model. This conjecture has survived a number of consistency checks [13-19] in a 
rapidly increasing literature. 

The above matrix model applies to the case of flat uncompactified spacetime 
and would need be modified for other topologies. For the case of toroidal compact- 
ifications of space, the model should account for the interactions due to virtual 
strings winding around the compact dimensions, as well as describe membranes 
wrapped around compact submanifolds. The main proposal for doing that is to 
enlarge the matrix model to a (K+l)-dimensional SYM filed theory, where K is 
the number of compact dimensions [1,20]. Although this certainly contains all the 
relevant degrees of freedom [14-21], it most probably contains more than is actu- 
ally needed at the large-N limit. Furthermore, it takes away from the simplicity 
of the original matrix model by adding an infinity of degrees of freedom. This is 
somewhat undesirable. The hope would be that a matrix model with the correct 
dynamics will contain, in the large-N limit, all the relevant degrees of freedom. 
The purpose of this note is to point to a possible such model. 

The proposed model consists of using unitary (rather than hermitian) matrices 
for each compact dimension. This proposal is an especially natural one in the 
context of D-brane dynamics. In fact, it is the eigenvalues of Wilson loop elements 
winding around compact dimensions of space and coupling to open strings which, 
in the dual picture, become the coordinates of D-branes [7] . In the uncompactified 
case we recover a description in terms of (the constant mode of) the gauge field. 
What we propose here is to preserve the Wilson element itself as the dynamical 
object and write an appropriate action which, in the large-N limit, recovers the 
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full physical spectrum of the theory. 

For simplicity, we can assume that all 9 transverse dimensions are compactified 
with radii Ri. Then the Lagrangian would contain the terms 

L = tr R ^DUjDUi + iZfiZf Uj][U h Utf + 9 T D9 + Ri9 T fu}[9, [/;] j (1) 

as well as other possible higher-order terms. As usual, DUi = Ui — i[Ao,Ui], 
and summation over all indices is assumed. Aq implements the gauge invariance 
constraint 

J2Rhuju i -U l u}) + 99 T = (2) 

i 

In the uncompactified limit Ri — > oo the usual hermitian matrix model is recovered 
upon writing Ui = exp(iXj/i?j). 

The above model in the low-energy limit describes the motion of D-particles 
on the compact space. The potential is minimized when the Ui commute; their 
eigenvalues are phases exp(i0j), and Ri<pi correspond to the coordinates of the D- 
particles on the spatial torus. It is easy to see that the kinetic term plus the gauge 
constraint for 9 = imply free motion for the 0j. 

It is important that the present model can describe membranes wrapped around 
any two-torus in space even at finite N. In [1] such membrane solutions were iden- 
tified, but the corresponding charges (winding numbers) were activated only at the 
infinite-N limit and were zero for any finite N. The construction is along similar 
lines as in [4,22-24]. The difference is that, now, the classical membrane coordi- 
nates are represented as Ui(q,p) = exp(iXi(q, p) / Ri) , where q,p are coordinates on 
the light-cone spatial world sheet of the membrane. Ui are periodic in q,p while 
Xi need not be. The membrane action is 

A = [ dqdp(u}d q Ui ujdpUj - u}d p Ui ujdqUj) 2 (3) 
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while the wrapping number of the membrane is 

W = -J dqdpiujdqUiUjdpUj - ujdpUiUjdqUj) (4) 

Note that this would be zero if periodic X{ were used. Since U{ is periodic in p, q, 
its Fourier decomposition will be 

Ui = Y, U ^m e nnMVm (5) 
n,m 

where the coefficients U^ nm will be constrained by the fact that Ui is a phase. For 
a smooth imbedding only the lowest several Fourier modes will be appreciable, so 
we can truncate the series to the lowest N x N coefficients (or, rather, periodically 
repete them beyond, which gives a discrete version of the membrane consisting of 
N x N points). From this, a corresponding matrix can be created 

Ui = Y,Ui,nmU q V P (6) 

n,m 

where U and V are the fundamental "quantum torus" coordinates, that is, N x N 
unitary matrices obeying UV = exp(i27r / N)VU . In general, U{ will not be exactly 
unitary and a particular "normal ordering" will be required to unitarize it. (The 
same is true for the standard construction in terms of hermitian matrices.) This 
will modify the coefficients in (6) by terms of orden 1/N. Expressions (3) and (4) 
for the membrane action and wrapping number are reproduced in the large-N limit 
as the real and imaginary part of the trace 

A + iW = triUiUjUju] - 1) (7) 

This is exactly what appears as the potential term in the matrix model, which 
thus reproduces the membrane action. A stretched wrapping membrane will have 
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Ui(q,p) = exp(mj(? + irrup) and thus corresponds to Ui = JJ ni V mi . For such 
matrices we get 

UiUjUjuj = e i2nW / N (8) 

where W = Hi x Hj = rurrij — rijrrii is the wrapping number. Therefore a better 
definition of the wrapping number would be the Z/\r-phase of the SU(N) matrix 
UiUjUjllj. Clearly the wrapping is well-defined only when the matrix UiUjl/juj 
has eigenvalues which are well-localized on the circle (their spread is, say, less than 
7r). Also, it is defined modulo N. Both properties are relevant to the discretized 
finite-N description. Note, further, that we can construct many-membrane states, 
and thus reconstruct the full membrane Fock space in the large-N limit. For 
instance, the matrices 

^ = U n N \®U n N \, U 3 = V^®V^ (9) 

(where Un, Vn are the quantum torus matrices of dimensionality N), represent 
two stretched membranes with winding numbers nimi and n^m^ around the (i, j)- 
torus, and longitudinal momenta proportional to N\ and N2 respectively. 

The matrix model potential has stationary points when 

3 j 

This has as only solutions the above many- membrane states we just considered. 
Thus, as expected, stretched membranes are local minima of the potential. The 
charge of a membrane wrapped along the longitudinal direction and cycle i, on the 
other hand, would be 

Wi = trp^ujuj - ujujUj)} (11) 

plus fermionic terms. 
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A crucial property of the matrix model description of M-theory is supersym- 
metry. The obvious generalization of the supersymmetry transformations for this 
model would be 



sui = iu.fi + eui^e 

59 = l -{u}Ui + UiUj + ^(UiUjUjuj 



+ c.p. — h.c.))e + e 



(12) 



For a static solution with 9 = the above transformation will preserve half the 



can be cancelled by the kinematical one [18]. This reproduces the stretched mem- 
brane solutions found earlier. 

It can be checked, though, that the above is not an exact symmetry of the 
model. In principle, we could start with the bosonic part of the lagrangian and 
perform a "supersymmetric completion" . This would in principle generate higher 
order terms in the potential (vanishing in the uncompactified limit) and corre- 
sponding extra terms in the SUSY transformations. We have not attempted the 
supersymmetrization of the model here, so this remains an open question. Po- 
tential problems reminiscent of fermion doubling and supersymmetry violation on 
the lattice might arise here, since our matrix model is essentially a dimensional 
reduction of 10-d SYM on the dual lattice. This would imply that the resulting 
SUSY model contains infinite terms. In that case it may not be different than the 
corresponding (K+l)-dimensional SYM theory, with all the field modes integrated 
out to give an effective action for the 'topological' degrees of freedom correspond- 
ing to Wilson loop elements around the nontrivial spatial cycles and fermionic zero 
modes. Even then, the implication is that these remaining degrees of freedom are 
enough in the large-N limit to describe the full spectrum of M theory. In fact, 
it has been suggested in [25] that supersymmetry may fix the potential ordering 
ambiguities in the matrix model that would describe D-brane motion on curved 
spaces (see also [26]). If the conjecture of the present note is correct, then, the M- 
theory matrix model for curved spaces would contain unitary matrices for spaces of 



SUSY when UiUjUjU] 



is proportional to the identity, so that the dynamical part 
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nontrivial connectivity, with the form of the action fixed by super symmetry. This, 
and other consistency checks on the model, remain issues for investigation. 
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